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A NON-LINEAR FINITE ELEMENT ANALYSIS
OF SHALLOW CIRCULAR ARCHES

A. C. WALKER

University College, London

Abstract-The large deflection behaviour of a shallow circular arch subjected to a vertical point load is studied
analytically using the Rayleigh-Ritz finite element method. The energy functional employed is a little more
exact than that normally used for shallow arches and the functions used in the finite element method maintain
continuity up to the second derivative of the normal displacement and up to the first derivative of the tangential
displacement.

The non-linear algebraic equations of equilibrium are solved to a high degree of accuracy using a Taylor's
expansion technique together with the Newton-Raphson method. The stability of the symmetric deformation
path is studied and a detailed analysis is carried out at the point of bifurcation on to an asymmetric deformation
path. The slope of this post-buckled path is computed and is shown to be accurate for deformations well beyond
the point of bifurcation.

INTRODUCTION

MOST shell structures are designed to operate such that the deformations are very small
and the stresses vary linearly with the imposed loads. However, in the design of very thin
shells it is important, for the rational calculations of safety factors, to explore analytically
the non-linear behaviour of the shells. This is particularly necessary if there is any possibility
of a loss of stability occurring along this non-linear path since a linear analysis cannot
provide any indication of such an event.

The Rayleigh-Ritz finite element method [1-4] has been developed recently for use in
the linear analysis of complicated shell structures. In the present paper the method is
extended to non-linear analysis; and a simple shell-type structure, a shallow circular arch
[5-7] is presented as an example of the use of the techniques developed herein. This struc­
ture is chosen because it is probably the simplest one which exhibits the general shell
behaviour phenomena, i.e. non-linear load deflection paths, bifurcation and "snapping".

In the analysis developed here the fundamental equilibrium path emerging from the
origin of zero load and zero deflection is determined using a static perturbation method [8].
This approximate path is then corrected at some load value using the Newton-Raphson
technique, this corrected point is now taken as the origin for a further perturbation analysis.
The stability of this fundamental path is determined and points of local maximum and
minimum load are computed using the stability information. For the particular pin­
ended arch considered here a point of bifurcation occurs before the first local maximum
load, and for this a method [9] is outlined for obtaining numerically the value of the post­
buckled slope in the "load--{;orresponding deflection" plot.

The most common type of loading in practice is dead loading. For a structural element
subject to this loading a local maximum load will give rise to "snapping" and usually
failure of the structure. Similarly the appearance of a bifurcation with a descending post­
buckling slope will, for a dead-loaded structure, lead to excessively large deformations.
Thus in the design process it is necessary to compute not only local maximum loads and
bifurcation loads but also the post-buckled behaviour in the region of the bifurcation load.
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NOTATION
E Young's modulus
P generalized load, also point load at centre of the arch
Qi generalized coordinate
Qc generalized coordinate corresponding to radial deflection at the centre of the arch
R arch radius
U tangential displacement of the arch middle surface
V total potential energy
W radial deflection of the arch middle surface
b arch width
e generalized displacement coordinate
qi perturbation generalized coordinate
s perturbation parameter

arch thickness
u non-dimensional form of the tangential displacement of the arch middle surface, u = UIR
w non-dimensional form of the radial displacement of the arch middle surface, W = WIR
a shell parameter, a = (tIR)2/12
fJ finite element constant, fJ = ml2tjJ
G. arch middle surface tangen tial strain
". arch middle surface curvature
tjJ half subtended angle
A perturbation generalized load
A, i\ non-dimensional forms of the generalized load, A = PR 2IEI, i\ = afJA
8 angular variable
~ non-dimensional variable

POTENTIAL ENERGY OF THE SYSTEM

The non-linear
reference to Fig. 1,

strain-displacement relationships used
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FIG. I. Arch geometry.
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(2)

These are taken from Almroth [10] and are a little more general than the corresponding
Donne! shallow shell relationships.

The total potential energy of the system is given by

ERtb f2</1 Et 3b i2</1V = e: dO+-- K: dO-PR[e],
2 0 24R 0

where P is a generalized load and e is the corresponding displacement vector. The above
equation may be written

V I [2</1 r:x (2</1
v* = ERtb = "2 J

o
e: dO 2J

o
K: dO-a:A[e],

where

Substituting equation (1) into equation (2) and regrouping terms as

V*[u, w, A] = Vn~, w, A] + V~[u, w] +V:[u, w],

where V{ contains only ith powers of U and w, these groups are written as

1 (2e1> {(dU ) 2 (d
2
W )2}VUu,w,A] = 2J

o
dO-W +r:x d02 +W dO-aA[e],

1 [2</1 (dU ) (dW ) 2
Vj[u,W] = 2J

o
dO- w dO+u dO,

1(2e1>I(dW )4
V![U, w] = 2J

o
"4 dO +W dO.

FINITE ELEMENT FORMULATION

The interval of interest (0 ::s;; 0 ::s;; 2c/J) is divided into mequal intervals and, with reference
to Fig. 2, we may define a new non-dimensional variable ~ (0 ::s;; ~ ::s;; 1), such that for the
nth interval the potential energy is given by

f:W!n[un,wn,A] ~f {(pu~-wn)2+a(p2w~+wn)2}d~-A[en]' (3a)

pV!n[un, wn] = .~f {(pu~-wn)(pw~+un)2} d~, (3b)

pVUun,wn] = ~f i(Pw~+untd~, (3c)

where w~ == dWn/d~, etc. and P= m/2c/J, i\ = apA. The total potential energy of the arch
comprises the sum of the potential energy of all the intervals.

n-l n

FIG. 2. Finite element configuration.
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The localized Rayleigh functions describing the displacements in the nth interval are
described by [13]

W n = Q~_1(l-1O~3 + lSe4-6eS)+Q;_1(e-6~3 +8~4 - 3eS)+Q;_1(!e-ie3+ie4-ies)

+Q~(10e3 -lSe4 +6eS)+Q;( -4e + 7e4 -3eS)+ Q;(ie3-e4 +ies), (4a)

Un = Q~-l(l- 3e2+ 2e 3)+ Q;_ l(e - 2e 2+ e3)+ Q~(3e2 - 2e 3)+ Q;( - e2 +e3). (4b)

The functions (4a) maintain continuity in displacement, slope and curvature for wand Ql,
Q2 and Q3 are generalized coordinates specifying the magnitudes of these quantities
respectively. Continuity in displacement and slope of u is specified by the functions in
equation (4b) and the corresponding generalized coordinates are Q4 and QS.

The algebraic equilibrium equations are obtained by substituting equation (4) into
equation (3), integrating, and then differentiating with respect to each coordinate in turn.
The contributions of the individual intervals are added to provide the equilibrium equa­
tions for the whole arch. The integration and differentiation processes are performed
automatically and ~xact1y on a computer thus arriving at the coefficients Uij, etc. which
make up the equilibrium equations,

(5)

In equation (5) the dummy suffix summation notation is used, i.e. summations take
place for repeated suffices and 0.:::;; i,j,k,i.::;; (5m-6), where (5m-6) represents the total
number of coordinates less six prescribed boundary coordinates. Also, e,i == oe/oQi and
since in this analysis the load is considered to be a central point load we have e'i = bic with

o if i '# c
bic =1 'ifi = c

c defines the generalized coordinate c6rresponding to the iateral deflection of the centre
of the arch.

SOLUTIONS OF EQUILIBRIUM EQUATIONS

The solution of the non-linear algebraic equilibrium equations presents many diffi­
culties and numerous methods have been devised which may be used in conjunction with
digital computers [11, 12). Among the more popular of these methods is the Newton­
Raphson iterative procedure, the use of this allows equation (5) to be solved for a particular
value of X, or Q;, to any desirable degree of accuracy. One disadvantage of this method,
however, is that if the initial chosen vector is too far, in the A- Qi space, from the actual
solution then the iterative procedure may not converge, or at best will converge slowly.

The method of solution presented here may be regarded as a means to providing a good
initial starting vector for the Newton-Raphson procedure. However, as will be shown
later, the method may also provide sufficiently accurate solutions if only moderate non­
linear behaviour is to be studied.

Assume that at some values Qt and A* the equilibrium equations are completely satis­
fied, we may now write (see Fig. 3)

X = X*+A. (6)
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A* -------- ­ q,

Q~

FIG. 3. Perturbation axes.

c,

Because of the equilibrium conditions at Qr, A* the substitution of equation (6) in equa­
tion (5) gives

uijqj+ U;jk(Qjqk +qjQt +qjqd +U;jk,(QjQtq, +qkQjQ1 +Qjqkq, +qjQtQi +qjQtq,

+ qJqkQ1 +qjqkq/)+ I. (5ic = 0,

which can be reduced to
u0qj +U0kqjqk + U0k,qjqkq, + A. (5ic = O.

we now write q;, A. in parametric form,

(7)

A. == A.(s),

where s is some as yet undefined continuous parameter which represents progress along
the desired equilibrium path. Substituting this form into equation (7) we have

utqis)+ UUkqj(S)qk(S) +U0k,qis)qk(S)q,(S)+ A.(s) (5;c = O. (8)

Differentiating equation (8) with respect to s and evaluating at ql = A = 0 gives

UM;(s) + A(s) (5IC = 0, (9)

where qj == oq/os, etc.
Differentiating equation (8) twice with respect to s and with the results again evaluated

at q I = ;. = 0, then

uMis)+Uijkqj(S)tik(s)+1(s)(5ic = O. (10)

The parameter s may be identified with any of the path coordinates, in this analysis it is
identified with A. Thus 1(s) == 0 and equations (9) and (10) become

UMJ{A.) = - (5ic

uMl.l·) = - [U0k4P)qk(A.)].

(11)

(12)

From equation (11) we obtain the slopes 4j and on substitution of these into equation (12)
we may, using the same matrix uu, obtain the curvatures iii' This recursive process is
continued by further differentiation of equation (8) and evaluation at q, = A. O. When
sufficient path derivatives (4i, iii' etc.) have been obtained the path itself may be synthesized
from

Q, Qr+q;A.+!ii;A.2 +M;A3 + ... ,

A = A*+A..
(13a)

(13b)
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(14)

If a value AO is substituted in equation (13) a set of values (Q7, AO) is obtained which only
approximately satisfies equation (5). A more exact solution at A°is obtained by using the
Newton-Raphson iterative procedure. Thus, we obtain corrections (<5qi)'+ 1 at iterative
cycle t from the equations

(<5q;), + 1 = - [UijJ,- 1 . [uJQj), +Uijk(Q),(Qk), +Uijk/(Qj),(Qk),(Q/), + AO <5 icJ,
(Q;)'+1 = (Qi),+(<5qi),+I-

In equation (14) uij is formed in the same way as u0 in equation (7) but with values of
(Qj), corresponding to Qj. As the values Q? and AO obtained from the Taylor's expansion
will be close to the exact values, the number of Newton-Raphson iterations is very small.
When the residual error (usually L::'~~/) (<5q;)~+ 1) falls below a specified value the Taylor's
expansion technique may be commenced anew_

STABILITY ANALYSIS

(15a)

(15b)A = A*+A.

A change of stability along an equilibrium path is marked by the vanishing of the
second variation of the potential energy. In the term of the method of analysis used here
this signifies the determinant of the matrix u0 of equation (7) becoming zero. The follow­
ing is a procedure which may be used to determine the value of the load, Acrit , at which
a loss of stability occurs and also to determine the behaviour of the structure in the imme­
diate post-buckled region.

At Qi = Q{ and A = A*, (A* < Acrit) we assume that equilibrium equation (5) have
been completely satisfied. Hence

uijQj +UijkQjQt +Uijk/QjQtQf - A* <5 ic = 0,

also we assume that a Taylor's expansion with respect to A has been performed so that
the fundamental path is adequately described by

F * aQi I 1 a
2
Qi I 2Qi(A) = Qi + ::lA- .A+-2 ::lA- 2 .A + - _.

U Q;=Q7 U Q;=Q:

= Q{ + S;Ie + 1;A2 + . - - ,

The post buckled path is now described by

Qi = FQi(A)+qi_

Equations (15) are substituted into the energy functions and since the post-buckled path
is in equilibrium the appropriate equilibrium equations are obtained by differentiating
this energy function with respect to qi- After deletion of those terms which collectively
satisfy the equilibrium conditions (equation (5» for the fundamental path the resulting
equations for the post-buckled path are
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Once more we write q j, A in parametric form

qj == qj(s); .1.== A(s).

(16a)

Differentiating equation (16) and evaluating at qj = 0 gives
F - F - F -F - F - Fuijqj+ Ujjk[ QiA)qk + Qk(A)qj] + Ujjk'[ QiA) Qk (A)q, + QiA)qk Q,(A)

+q/Qk(A)FQ,(A)] = 0,

which may be written

[Uij+UjiA)]qj = 0,

where uij is a function of A. At the bifurcation load we have

IUij+u,iAcrit)1 = 0,

yielding the critical load, Acrit ' Also, if S is identified with one of the generalized coordinates,
say qs (in this analysis it was identified with the central slope), then at A = Acrit equations
(16a) are normalized with respect to qs and the reduced equations may be solved to give
qj (j 1= s), qs = 1. Differentiating equation (16) twice with respect to S and evaluating at
qj = 0 yields

.. [FQ" FQ" ] [FQ FQ" FQ" FQ .. FQ FQ] 2A{ [FQ' . FQ' . ]Uj/lj+ujjk ilk+ kqj +Ujjk' j kq,+ jqk ,+qj k ,+ Ujjk jqk+ kqj

+Ujjk,[FQ/Qkq,+FQ/Q~q,+FQ'A/Q,+FQ/J./QI+q/Q~FQ,+q/Q/QI]}

+ 2{UjjkrqAk] + Ujjk,[FQA.kq, + q/Qkq, + qiJ/Q,]} = 0,

where FQi == oFQj/oA and FQj' FQj are evaluated at Acrit ' The above equation may be
reduced to

(17)

Multiplying each equation by qj and adding gives

u,qj
ii,qj

If now Ais substituted in equatbn (17) we may solve the reduced equations to give
ii j (j 1= s), iis = O.

This process is continued by differentiating equation (16) three times with respect to
qs and evaluating at qj = O. When the necessary substitutions of A, qj, iij are made we may
obtain Aand lij (i 1= s).

To determine the post-buckled behaviour of the structure we may now synthesize the
plot of load vs. corresponding deflection (A - Qc) from the computed path derivatives,
A, q" etc.

Now
oQc (oQc/oqs)
0.1. (oAjoqs) ,

but
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therefore

Hence,

A. C. WALKER

where from computations tic = 1 = 0 at A = Acrit ' Thus as expected [9) and as shown in
Fig. 4 a first order perturbation analysis at the bifurcation load yields no information on
the post-buckling path in the A- Qc plot. The second order perturbation. however, yields

(~~c)A=Acrit = (FQ)+qJIA=Acril'

,Fundamental
L path

FIG. 4. Bifurcation.

Thus we may construct the immediate post-buckled path using

I
i3Qcj

Qc = Qc +aT (1 - )'crit)·
A::::A::rlt IA>.i\"rlt

Similarly the other post-buckled path coordinates may be determined and, if necessary,
the equilibrium path remote from the buckled region may be determined using the Taylor's
expansion-Newton-Raphson method described in the previous section.

The local maximum load may be obtained in a similar manner to that outlined above
for the bifurcation load.

DISCUSSION

The power of the finite element method is best seen when it is applied to problems of
structures having complicated loading and geometry. However, the example presented
here of a circular arch, Rjr = 500,4> = 10<>, loaded centrally by a point load serves perfectly
well to illustrate the application of the general computational method presented above.
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The fundamental path is given in Fig. 5 for a pin-ended arch and in Fig. 6 for an
encastre arch. It may be seen from these that the Taylor's expansion about the origin gives
satisfactory accuracy well into the non-linear range of deformation. The number of itera-

W =Central deflection / rise (AI

m=16

</>=10·

R/t =500

+ Newton-Raphson correction

20

80 -J:l~1'-~-h:-/~ ................"
+,

\
60 \

\ ,
+ ~,

\,,,
\
\
+,,,,

\
\
\
\,

\
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\

Ol------=-":----~-----,:_'::_-----O,....,,~-----,L=_

-20

FIG. 5. Arch fundamental path.

We =Central deflection /rise (A)

R/t= 500

</> =10·

m=16

+ Newton- Raphson
corrections

20

o

FIG. 6. Encastre arch fundamental path.

tions required by the Newton-Raphson method was never more than two, the central
deflection was taken as the prescribed generalized coordinate for this part of the computa­
tion. In Table 1 convergence cf the features of the results with increasing number of
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TABLE I

m Amax Acrit aAlow,

6 78·92 66·63 -119,2
8 76·72 66·22 -115·4

12 76·27 66·09 -114.4
16 76·21 66·08 -113,1

elements is presented. It is evident from these that even the coarsest interval provides suffi­
cient accuracy for practical design calculations and as is seen from Fig. 7 the slope of the
post-buckling path determines accurately the behaviour of the structure at load values
remote from the buckling load.

We= Central deflection/rise (A)
80
/~ Fundamental symetnc path

Aer~A.
60 I "+. + Newtan-Raphson corrections

+ ~/Exact assymetric patti

'" R/t =500"* cf> =10·

20 '"-10 Assymetric path using
--slope at bifurcation

o

FIG. 7. Pinned arch bifurcation and post-buckled path.
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A6cTpaKT-l1ccrre,ll.yeTcli aHarrHTH'IeCKH nOBe,ll.eHlle nplI 60rrbwllx IIJrH6ax Kpyrrroli, norroroli apKII
nO,ll.BeplKeHHOli COCpe,ll.OTO'leHHOli, BepTIIKarrbHoli Harpy1Ke, IICnOrrb1YlI MeTO,ll. P3rrell-PHTua KOHe'lHOrO
3rreMeHTa. nplIMeHlIeTcli 60rrce TO'lHO !\lYHKUlloHarr 3Heprllll, 'IeM HopMarrbHO 3TO ,lI.erraeTCli ,lI.rrll norrorHX
apOK. <l>yHKUIIII, IIcnorrb10BaHHble B MeTO,ll.e KOHe'lHOrO 3rreMeHTa, OCTalOTCli HenpepblBHblMH ,lI.O BTOpoli
npOIl3BO,ll.HOli HopMahHoro nepeMeweHlIlI BKrrlO'lIlTerrbHO II ,lI.O nepBoli npOIl1BO,ll.HOli TaHreHUllarrbHoro
nepeMeweHHH, TaKlKe, BKrrlO'IIITerrbHO. PewalOTcli HerrllHeliHble arrre6pall'leCKlle ypaBHeHlIlI paBHOBeClIlI C
6orrbwOH CTeneHHIO TO'lHOCTII, Hcnorrb1YH MeTO,ll. pa1rrOlKeHII1I Teiirropa B MeCTe C MeTO,ll.OM HblOToHa­
Pa!\lcoHa. I1ccrre,ll.yeTcH yCToli'lIlBOCTb aCIIMMeTplI'leCKOii BeTBII ,lI.e!\l0pMaUIIII. npIIBO,ll.IITCli ;J.eTarrbHblli
aHarrH1 npH TO'lKe 6H<!>YPKaUIIH B HanpaBrreHlI1I HecIIMMeTpll'leCKOii BeTBII ,lI.e!\lopMaUHII. PewaeTcli HaKrrOH
3TOil: BeTBH nocrre BbmY'lHBaHHlI H nOKa1blBaeTCH, 'ITO OHa CnpaBe,ll.rrllBa ,lI.rrH ,lI.e!\l0pMaUllli Ha HeKOTopOM
paCCTOHHHH OT TO'lKII 6H!\lypKaUHH.


